Questions of existence and uniqueness of solutions of partial-wave dispersion relations are studied, with particular attention to the SjD method. The interaction, assumed to be given, is represented by (i) the strengths and locations of unphysical singularities and (ii) the inelastic partial-wave cross section. A generalization of the XjD method to include part (ii) of the interaction leads to a nonsingular integral equation for ImD. This equation is amenable to the Fredholm theory only if there is a correlation between items {i)and (ii) of the interaction, and only if the increase of inelastic processes at high energies is not too rapid. Certain Cauchy integrals associated with (i) and (ii) must be nonzero at threshold if there is to exist a solution with the normal threshold momentum dependence. Thus, there is no solution for any model in which {i)is constructed from a few partial waves in the two crossed channels. For certain interactions the real part of the phase shift approaches a multiple of m at large energy, just as in potential scattering. The CastillejoDalitz-Dyson (CDD) ambiguity is analyzed in some detail. A uniqueness theorem is proved which asserts that if a solution of a particular type exists, it is the only solution of the problem within the class usually considered. Thus the CDD ambiguity is partially bypassed. In certain cases the unique solution is found by the ordinary E/D method without subtractions. Some useful results on principal value integrals are obtained. The discussion is carried out for the example of pion-nucleon scattering in the complex plane of u, 
I. INTRODUCTION ECENTLY, the partial-wave dispersion relations
have played an important part in discussions of the strong interactions. ' If the discontinuity of the amphtude over the unphysical cut (the "left" cut) is somehow known approximately, the dispersion relation amounts to a singular integral equation for the amplitude. This equation is replaced by a nonsingular one through the X/D method. A solution of the latter will sometimes provide a solution of the former. This role of the partial-wave dispersion relation has occasionally been compared to that of the Schrodinger equation in nonrelativistic quantum theory. However, the analogy is imperfect. For one thing, the jump over the left cut, which now takes the part of the interaction Hamiltonian, must be specified for each partial wave separately. But more important, the existence and uniqueness theorems that testify to the reasonable nature of the Schrodinger problem are almost completely lacking.
Solutions can fail to exist if the E/D solution involves a spurious "ghost" pole not represented in the dispersion relation. Furthermore, the work of Castillejo, Dalitz, and Dyson' seems to show that a solution is never unique (however, compare our Sec. V).
In spite of these essential mathematical differences it is still desirable to improve the analogy with the Schrodinger problem, at least in a practical sense. That * Supported in part by the U. S. Atomic Energy Commission. (1956) ; hereafter referred to as CDD.
is to say, we should like to know before explicit calculation whether a particular interaction will lead to a solution satisfying all known general requirements. Also, we should like to claim uniqueness of a solution, if possible, and perhaps to estimate some of its qualitative features without extensive computations. The purpose of the present paper is to see how nearly these aims can be realized. Especially, we try to make the N/D method more useful and more flexible through a better understanding of the mathematical questions involved.
The problem is important not only in the original Chew-Mandelstam theory, which has had only limited success, but also in the more ambitious schemes suggested by Mandelstam, ' Ter-Martirosyan, ' Zimmermann, Chew and Frautschi, s %ilson, and others. In these theories it seems necessary to solve at least the 5-wave dispersion relation. As a result of bad asymptotic behavior of the approximate interaction term, the original theory is not strictly consistent. Therefore, it seems necessary to consider the generalizations. In that case the approximation of purely elastic scattering must be abandoned, and the E/D method appropriately modified. According to Chew and Frautschi, 7 the partial-wave dispersion relation is to be solved with the fol1owing two items regarded as given information:
(i) a function f~w hich represents the usual contribution of the unphysical cuts; (ii) 21, 36 (1961}. ' G. F. Chew and S. C. Frautschi, Phys. Rev. 123, 1478 (1961 .
See also reference 7, and G. F. Chew, Lawrence Radiation Laboratory Report ' K. Wilson (unpublished)G . F. Chew and S. Frautschi, Phys. Rev. 124, 264 (1961}. J. S. Ball and W. R. Frazer, Phys. Rev. Letters 7, 204 = exp
The behavior at infinity of S is related to that of 8. is bounded on I'. From here on it will be understood that we are considering only the class of solutions for which b(w) is bounded. From the 5 corresponding to a given amplitude f construct the function S.
We have K)(s*)= K)*(s), a, nd X)(s) is analytic in any finite region of the plane cut by I'. By (II.4), K-= fK) is real in the elastic region we&~w~&w;". Since X(z*) =X*(z), the jump of X over I' is proportional to its imaginary part and, therefore, zero in the elastic region.
Thus, the example f=X/S shows that any f has an X/D representation as described. Of course, the decomposition into E and D is not unique. E and D may each be multiplied by a common polynomial with real coefficients. Furthermore, any D that is 0(~s~")" for some n can be written D=4X), where C is a polynomial.
We use the symbols 0, o, and~in the customary way.
f(x) =Ogg(x) j means that ( f(x) ]&Mg(x) for some 6xed 3E and all x su%ciently close to a given limit. By f(x) = ot g(x) j we mean that f(x)/g(x) h 0 as x tends to a given limit, while f(x)~g(x) is to mean that f(x)/g(x)~1. Thus, D(s)= (I 0f") «indicates that
for all e&0, where trp= b)+(~)+8 ()+t) = f'(80xo) fg'(80xo). I,et f(x) =p(x j) and g(x) =x~l n t'(x ') to obtain the desired statement about p'(x). alone is used as the model for the unphysical singularities, the necessary threshold property is violated and there are no ghost-free solutions.
It is easy to construct models which avoid this difliculty. Let $fi+~(w)7, be the contribution from the terms in (IV.1) with s' -s denominators. The essential point is seen more clearly if we neglect spin complications; then we have can be written as
where w)wo and 8&"=8")(+w) is the phase shift of f"', i =1, 2. Using I) we construct C (z) as
XQ(z -w»"') (z -u a"'). can be taken so small that q+n")+n(2) 1+&( -p.
To 6nd a lower bound on y, we evaluate the number of known zeros of g(z). The centrifugal barrier behavior of both f&" and f&" implies that g(z) has an /th order zero at u)= wa, and an (1+1)th order zero at u)= -u)0. 
and e is any real number greater than zero. If f"has n(') bound-state poles, all distinct, the polynomial factor in (V.2) gives a power behavior of degree n&"+n'2' for large zo. Finally, the unitarity condition gives g(w+i0)~= 0 (w ') and we have 
threshold. Thus, ImDQH on P, which means that the 
where dp(w) = (1+ w') dn (w 
